We developed a cosmological model which resolves the present problems of the standard cosmology. The model predicts that the universe is dominated by a negative pressure for any deviation from Einstein-de Sitter type. Inflation is found to have occurred during the early epoch of the cosmic expansion. The universe is shown to be dominated by a phase of negative pressure after quitting from the Einstein-de Sitter epoch. It is found that cosmic acceleration proceeds without the existence of dark energy.
Introduction
The generalized Einstein action including an additional scalar (R 2 ) is given by (Kenmoku et al., 1992 ) 
where G is the gravitational constant, R the scalar curvature, Λ the cosmological constant, β constant, and g the negative determinant of the metric tensor (g µν ). We use here a system of units in which the speed of light c = 1. The variation of the above action with respect to the metric tensor g µν , yields
where T µν is the energy momentum tensor of the fluid filling the universe, and
with R ; µν = ∇ µ ∇ ν R and △R = g µν R ; µν . For and ideal fluid one has
where u µ is the four velocity, ρ the energy density, and p the pressure density of the fluid. We consider here a homogenous and isotropic universe described by the Robertson Walker line element
where a(t) is the scale factor, k = 0, ±1 is the curvature constant. We consider here a flat universe (i.e., k = 0). The time-time and the space-space component of eq. (2) give the two (modified Friedmann) equations
and
where H =˙a a is the Hubble constant.
In the present paper we study the case where the cosmological constant is given by
where β is a constant with dimension of length square. This choice of the cosmological constant allows us to split eqs.(6) and (7) into two sets of equations. We remark that the variable cosmological constant proposed here does not violate the Lorentz invariance. It is unlike the scenario that deals with the cosmological constant as a constant and later allows it to vary with time. Such a time variation will break the lorentz invariance. The types of the cosmological models in which the cosmological constant is considered to vary with time (or scale factor) are numerous (Berman, Ozer and Taha, Chen and Wu, Abdel Rahman, Carvalho et al., Lima and Waga, Vishwakarma, Arbab, Belincolin) . These models lack the Lorentz invariance and can be considered as some effective low energy theories. Recently, Al-Rawaf and Taha (1996) have considered a case in which the cosmological constant Λ ∝ R in an attempt to solve the entropy problem inflicting the standard model of cosmology. We have found the cosmological consequences of eq.(8) are very interesting. This variation has an outstanding contribution to the matter content in the radiation and matter dominated eras.
It has been argued recently by Robert (1991) that such a variation of the cosmological constant explains the constant galactic rotation curves. We expect that the stellar implications of this variation will be of special interest.
The addition of the cosmological constant of the type shown above will have a significant contribution to the propose cosmology, in particular, during the early era of the universe expansion. We anticipate that the contribution of this term to the cosmological parameters will be immense. Equation (6) can be written as
so that one has 3H 2 = 8πGρ .
Using eq.(9), eq.(7) now takes the form
Or
One may attribute the term 3β 4πG
(2Ḧ + 6HḦ + 12Ḣ 2 ) due to bulk viscosity (η) as its effect is to replace p by p − 3ηH.
To solve eqs. (9)-(11) one considers the following cases:
Inflationary Solution
Consider the case when H = constant = C. In this case one finds that
In this case we have 8πGp = −3H 2
Together with eq.(10), this equation implies that the equation of state during this epoch is given by
This is an inflationary solution in which the density of the universe remained constant (ρ=const) as seen from eq.(10). One notices that the vacuum energy density (ρ v ) is not related to the cosmological constant by the usual definition Λ = 8πGρ v . We see also from eq.(11a) the bulk viscosity vanishes (η = 0).
Power Law
In this case we consider the scale factor to have the power law variation, i.e.,
where n and A are undetermined constants. Substituting the above equation in eqs. (9) and (10) one finds
and 8πGρ = 3n
Substituting eq.(15) in eq.(11) yields the relation
Upon using eq.(17) this equation can be written as
where N = 64πGβ. Eq.(19) represents a nonlinear equation of state which generalizes the ordinary equation of state. In the limit n → ∞ the universe enters a de Sitter expansion characterized by p = −ρ. Recently, Anabitarte and Bellini (2005) have studied a model of powerlaw inflationary solution using the Space-Time-Matter (STM) theory of gravity for a five dimensional (5D) canonical metric to describe the apparent vacuum. They have found an equation of state similar to our result. It is shown recently by Capzziello et al. (2002 Capzziello et al. ( , 2003 that quintessence can be qchieved by taking into account a more general equation of state without adding any scalar field. In some epochs a simple description by a perfect fluid equation of state could not be efficient. Instead of the equation of state p = γρ, the Vander Waals equation is used which takes the form
where b, α are constants.
Matter Dominated Era
Equation ( ) but its value depends very much on the value of β and /or Λ 0 . If β = 0 then Λ = 0 and we recover the Einstein -de Sitter result. If β < 0 we can have a negative pressure. The equation of state in the matter dominated era is give by (for n = 2 3
which shows that as time goes on the pressure will be vanishingly small. To get an order of magnitude for this parameter, one takes
where a 0 is the present radius of the universe and ℓ P is the Planck length. We see from eq.(16) that the cosmological constant Λ > 0 for n > 1 2 and Λ < 0 for n < 1 2 (if β > 0). Thus if the universe is expanding at any rate faster than a ∼ t 1 2 then the cosmological constant will be positive. Since the age limit constraints that n > 2 3 , the cosmological constant can't be negative today. However, in the radiation era insofar as the universe was not accelerating at a slower rate than that of the standard model (a ∼ t 1 2 ) the cosmological constant would have been negative. But a slower expansion than the one endorses by the standard model will be limited by the nucleosynthesis constraints during that era.
The acceleration parameter is given by
and upon using eq.(15) this becomes
We see from eq.(19) that if n > 1 the pressure becomes negative and this will help resolve the present cosmic acceleration of the universe predicted from the supernovae type Ia. For this case the cosmological constant is positive. This feature is not exhibited by the familiar Friedman equations. It is interesting that the cosmic acceleration is triggered by the negative pressure of the fluid permeating the expanding universe. The pressure of the cosmic fluid started to be negative from the moment it deviates from the Einstein-de Sitter type (a ∼ t 
where we have taken β ∼ t 2 0 , and t 0 the present age of the universe. Thus, for the present era the cosmological constant becomes
which is the type of the cosmological constant normally considered in the literature (see Berman) . If the contribution of the cosmological constant (or the vacuum energy, ρ v ), today, to the total density of the universe is significant, then one can place a stringent constraint on the value of β to satisfy this. When the universe exited from the Einstein-de Sitter epoch (in the far future) its equation of state approximates to
where n > 2/3. It is interesting to note ω > −1. This relation is found recently by Nojiri and Odintsov (2004) in studying a dark energy universe equation of state (EOS) with inhomogeneous Hubble parameter dependent term arising from the modifications of general relativity. It is evident that as the universe accelerates (n > 1) its pressure becomes negative. This behavior is coded now in what is known as the dark energy (or quintessence). Hence our model gives a rather more viable solution to why the universe today is dominated by dark energy having a negative pressure. In the far future the universe will enter a de-Sitter era characterizes by the equation of state p = −ρ.
The matter contribution at the present epoch is given by 8πGρ = 3n
Now we define the vacuum energy density as
and upon using eqs. (16) and (27) this yields
The cosmological prejudice prefers that the vacuum contribution and the matter contribution are such that ρ v = 2 3 ρ 0 , hence one finds
The pressure density now becomes, see eq.(18),
Together with eq.(27) one obtains the equation of the state
This equation shows that the equation of state is related to the deceleration parameter. So if either one is known the other will be determined by the above equation. As we have mentioned before, acceleration implies that n > 1. It is clear that if the universe accelerates (q < 0) its pressure becomes negative. This type of equation of state is known as that of quintessence or dark energy. We observe from eq.(19) that the second term contribution for the present epoch is smaller in comparison with the first term. It tells us that for the Einstein -de Sitter universe the pressure is not zero identically but vanishingly small. Thus eq. (19) gives the correct equation of state. As time goes on the effect of the first term grows with time and for any n > 2/3 the universe will be populated with a negative pressure fluid. However, this fluid can not have an equation of state such that ω < −1.
The early Universe
We notice that in the early universe one has a negative pressure (see eq. (19)) that assisted the accelerated expansion of the universe that entered the universe in an inflationary phase. Unless the constant β had a small value that phase would last for long time. Therefore, one suggests that the constant β plays the role of a precursor that trigger the inflation and later changed it in a rather lower rate by entering the universe in the radiation dominated era following an Einstein-de Sitter type when with n = 1 2
. In this case one has the equation of state p = 1 3 ρ. We remark that in the pure radiation era, n = ρ. This implies that the universe does not shift from one state to another abruptly but gradually.
An Alternative Solution
Eqs.(6) and (7) can be written in the form
Inflationary Solution
To obtain an inflationary solution of de Sitter type we set H = const. in eqs. (33) - (36). We obtain the equation of state p = −ρ which is normally attributed to the existence of a cosmological constant (or vacuum energy) in the Einstein field equations. However, we find here that the cosmological constant Λ = 0 andρ = 0 and the scale factor varies as a = const. exp(Ht). The existence of such a solution is necessary for the resolution of the cosmological problems (horizon, monopole, etc.).
Power-Law Solution
We try now the solution of the power-law type
Inserting this (H = n t ) in eqs. (35), (36), (37) and (38) we get
so that eq.(35) becomes 8πGρ = 3n
It is apparent that the cosmological constant vanishes when n = 0 (static universe), n = 1/2 (radiation era) and n = 4/3 (when a ∼ t 4/3 ). We remark that the solution a ∼ t 4/3 implies that the universe accelerates. We see from eqs. (41) and (42) the pressure become negative and the cosmological constant vanishes. One can write eqs. (39) and (41) as
which represents an equation of state for this cosmology.
Radiation Era
In the standard model of Einstein-de Sitter (ES) we have the scale factor scales as a ∼ t 1/2 . In this case eqs. (39), (41) and (42) give the same solution as ES. Hence, though the Friedman equations are altered but we recover the ES result. Therefore, the nucleosynthesis proceeds the same way as in the ES model.
Matter Era
During the matter dominated epoch the ES model implies that a ∼ t 2/3 . According to the present model we get
With this equation one can have a less matter in the universe than is expected by allowing β < 0, so that one may not need any dark matter to close the universe. In particular, if the matter density is such that Ω m = 1/3, then β = − , where H 0 is the present Hubble constant. The deceleration parameter (q) is given by
The equation of state now reads
We remark that an equation of state of this type is know to represent quintessence field (or dark matter). We see that as n → ∞, ω → −1 and the universe becomes vacuum dominated and reaches a de Sitter solution. It is interesting to observe that when n = 4/3 the cosmological constant vanishes but the pressure becomes negative and the universe accelerates (q = −0.25). However, the pressure becomes negative before this acceleration (whence n > 2/3) and this may have triggered the cosmic acceleration we presently observe.
New Solution
We now consider the case Λ = 0 in eqs. (6) and (7). The resulting equations can be wriiten in the form
where 8πGρ
If one defines the effective energy density and pressure as
one arrive as exactly Friedman equations of the form
We assume here besides the ordinary matter, we have another fluid whose density and pressure are related by eqs. (48) 
Inflationary Solution
This solution arises when H = const., then eqs. (51) and (52) yield the equation of state p eff. = −ρ eff. . This corresponds to the inflationary solution of de Sitter type. With some scrutiny one observes that ρ ′ = p ′ = 0 so the new fluid does not contribute to the energy density or pressure of the universe at that period. The inflationary solution is necessary in solving the cosmological problems left over by the universe expansion. It is to be remarked that the extra term (R 2 ) in the action (eq. (1)) does not alter the inflationary solution endorsed by Friedman equations. The effect of the extra term provided to the energy content an extra fluid energy density with its pressure related by eq.(56). In this treatment the universe consists of a mixture of two fluids: the ordinary matter and the extra fluid arising from the inclusion of the term (R 2 ) in the action in eq.
(1), the modified Einstein action.
Power-Law Solution
Assume a power law variation for the scale factor, i.e., a(t) = Bt n , B, n consts.
so that one has the following equations
These are related by the equation of state of the form
We see that a negative pressure for the extra fluid is guaranteed if n > 4/3 in comparison with that of acceleration which requires n > 1. In particular when n = 4/3 the extra pressure vanishes (decouples) leaving only the ordinary pressure but its density becomes negative (ρ ′ < 0). Moreover, if n = 1/2 (during radiation era) both ρ ′ and p ′ vanish and do not disturb the nucleosynthesis results.
Matter and Radiation eras
Substituting eqs. (53), (54), and (55) in eqs. (46) and (47) one gets 8πGρ = 3n
and 8πGp = n(2 − 3n)
We see that during the radiation era when a ∼ t ρ. So again the extra term does not alter the Einstein-de Sitter picture of the universe. That is because both ρ ′ = p ′ = 0 in the radiation era (n = 1/2). This is very interesting as the inclusion of this fluid does not alter the nucleosynthesis prediction of the standard model. However, any deviation from the standard picture will allow the extra fluid to contribute significantly to the evolution of the universe. If in the early universe one has n < 1/2 the pressure of the extra fluid becomes negative, p ′ < 0 (but ρ ′ > 0). This negative pressure may have produced an era of accelerated expansion that preceded (or followed) the inflationary period of the de Sitter type. However, if on the other hand, one has 4/3 > n > 1/2 in the early era, we observe that the extra pressure becomes positive but the extra density become negative.
Eq.(58) can be written in the form
where b and c are some constants. During this epoch one finds that the equation of state takes the form
where A = 18β(3−4n)(2n−1) and B = 18β(1−2n). This shows the fact that the pressure could be negative during some epoch of the cosmic expansion. In the limit t → ∞ (distant future) the effect of the term R 2 vanishes. Moreover, when n = 1 (n ∼ t) we see that A = B and hence ω = − 1 3 and the universe ceases to accelerate. In the matter dominated universe, one has for the ordinary Einstein -de Sitter universe a ∼ t 2 3 with an equation of state p eff. = 0, as can be seen from eq.(52). This implies that p ′ = −p. Hence, the extra pressure helps the universe to have an 'effective' zero pressure. We remark here the negative pressure of the extra fluid starts even at the onset of the matter dominated era but is not enough to trigger acceleration. However, when n = 4 3 the acceleration parameter becomes negative, and the extra pressure vanishes but the extra density becomes negative. In this period the normal pressure leads the expansion. We see that the extra pressure vanishes during the radiation era and during the matter acceleration era (when q = −0.25) but during the latter period ρ ′ = 0. The effect of a vanishing extra pressure is that the p > − 1 2 ρ (see eqs. (57) and (58)). As can be seen from eq.(58), the pressure vanishes at a time when t c = 18β(3n − 4)(2n − 1) (2 − 3n)
Conclusion
We have presented a cosmological model in which the cosmological constant varies as Λ ∝ R 2 (R is the curvature scalar). The cosmological consequences of this model are found to be very intriguing. In this model the cosmological problems are solved and a graceful exit of inflation is found. The universe experiences different cosmological phases starting from an inflationary ear, where the pressure was found to be negative and entering a radiation era gradually and finally existing in the current state. The coefficient β play an important role in bring the universe from inflation to its present phase. We have seen that the inclusion of the R 2 term enriches our cosmology. The present dominance of the vacuum energy is found to be a transient state and the matter will dominate in the future expansion.
